Abstract. We perform a nonperturbative study of the effect of static magnetic fields on the multiple high-order harmonic generation (HHG) processes of atomic H in intense pulsed laser fields. The time-dependent Schrödinger equation in three spatial dimensions can be solved accurately and efficiently by means of the recently developed time-dependent generalized pseudospectral method (Tong X M and Chu S I 1997 Chem. Phys. 217 119). We found that the presence of a static magnetic field perpendicular to the laser field polarization direction can introduce a second HHG plateau, allowing significant extension of the cut-off. The high harmonics in the second plateau reach a maximum enhancement when the cyclotron frequency of the electron is about equal to one half of the laser frequency. Through a detailed time-frequency wavelet analysis of the HHG spectra, we have identified a 'synchrotron radiation'-like new mechanism responsible for the production of the second plateau.
Introduction
Since the early observation of the phenomenon of multiple high-order harmonic generation (HHG) in rare gas atoms by intense laser fields, there has been much interest in the study of the nature of this fundamental laser-atom process in the non-perturbative regime, as well as in the methods for the enhancement of the HHG [1, 2] . Recently the generation of harmonics well above 100 has been demonstrated by several experiments using high-intensity short-pulse laser fields [3, 4] . The HHG holds promise for the generation of compact coherent light sources in the x-ray regime in the future. As such, further theoretical study of the mechanisms and coherent control of the HHG processes is desirable. In this paper, we show that the HHG plateau can be significantly extended by the addition of a strong static magnetic field perpendicular to the laser field polarization direction. We also identify the main mechanisms responsible for the production of the extended plateau.
In the presence of intense laser fields, the HHG spectrum is generally characterized by the initial decline of the intensity of the lower harmonics, followed by a plateau of many harmonics of similar intensity and then a sharp cut-off [1, 2] . The HHG may be produced by either a tunnelling or multiphoton mechanism or a combination of both. A qualitative indicator of the nature of the process can be obtained by examining the value of the Keldysh parameter [5] , γ = (I p /(2U p )) 1/2 , where U p = I/(4ω When γ < 1, the process is usually dominated by the tunnelling mechanism, while the multiphoton mechanism prevails when γ > 1. For the HHG processes dominated by the tunnelling mechanism, the cut-off position can be predicted by a quasiclassical three-step model [6, 7] , namely, n cut-off (I p + 3.17 U p )/ω 0 . To obtain higher energy photons, one can in principle increase the pondermotive energy, or equivalently the laser intensity, for a given laser frequency. However, as the laser intensity becomes sufficiently strong, the electron can be ionized rapidly, even before the laser peak intensity is reached. This in turn reduces the HHG yield. The study of different approaches for the coherent control and enhancement of HHG processes, such as the use of two-colour laser fields [8] [9] [10] [11] [12] , is thus of considerable current interest.
In this paper, we propose a scheme which involves only moderately strong laser fields (such that the ionization channel is not yet dominant) and an additional strong static magnetic field B. We note that the study of HHG using the combination of laser and static magnetic fields has also been recently suggested by Connerade and his co-workers [13] , however, in quite a different context. In this work [13] , a super-strong laser field of the order of 10 16 W cm −2 or more is proposed, along with a relatively weak static magnetic field. The emphasis is on the study of the relativistic harmonic emission process and even harmonics, but no extension of the HHG plateau is reported [13] . In our present study, the relativistic effect can be neglected and no even harmonics are observed. Theoretical studies of the effect of static magnetic fields on HHG have also been recently considered by Zuo et al [14] for H + 2 ions, and by Milosevic and Starace for model H − ions [15] . In both of these works, the static magnetic field B is assumed to be along the laser polarization direction (B E z) and thus only 2D calculations are required. In the present case, we consider the perpendicular field configuration, namely, the static magnetic field B ( z) is perpendicular to the laser polarization direction (E x) and involve more sophisticated 3D time-dependent calculations. We show that in the perpendicular field configuration, a second HHG plateau is revealed, allowing significant extension of the HHG cut-off.
To see the rather dramatic effect of the static magnetic field on the HHG spectrum reported here, a relatively large magnetic field strength is needed. A key parameter is the ratio of the cyclotron frequency ω c (= eB 2mc
) and the laser frequency ω 0 , where c is the velocity of light. For the case of atomic H considered below with a laser wavelength of 1064 nm and peak intensity 5 × 10 13 W cm −2 , the corresponding magnetic field B 0 for ω c = ω 0 is 20 130 T. Reproducible uniform magnetic fields with B up to 1000 T have recently been demonstrated experimentally [16] . Much stronger B fields may also become feasible in the laboratory in the near future [17] .
In the following, we first describe briefly the time-dependent generalized pseudospectral method [18] developed for accurate and efficient numerical solution of time-dependent Schrödinger equation in three spatial dimensions. This is followed by a detailed presentation of the multiphoton dynamics and (B field dependent) power spectra of the HHG processes. The mechanism for the enhancement and extension of the HHG plateau is explored through a detailed time-frequency wavelet analysis.
Theoretical method
The Hamiltonian of atomic H in the presence of a linearly polarized (LP) laser beam, with the laser polarization along the x-direction (E x) and a static magnetic field B along the z-direction, can be written as (in atomic units),
Here L z is the z-component of the orbital angular momentum, E the laser (electric) field peak strength, f (t) the laser pulse envelope and B the static magnetic field. To solve the time-dependent Schrödinger equation,
we first partition the Hamiltonian into a time-independent Hamiltonian H 0 and a timedependent perturbation term V (t):
where
The propagation of the wavefunction (t) in space and time is performed by means of the recently developed time-dependent generalized pseudospectral method [18, 19] . The radial coordinate is discretized by the generalized pseudospectral method [20, 21] , allowing nonuniform spatial spacing: denser mesh near the origin and sparser mesh for the outer regime. The time-independent Hamiltonian H 0 is diagonal in the energy representation, while the timedependent perturbation V(t) is diagonal in the coordinate representation. The time propagation of the wavefunction can be achieved by the second-order split-operator method in the energy representation [18, 19] as follows:
Once the time-dependent wave function is obtained, one can calculate the expectation values of the induced dipole moment r(t) and acceleration r(t) . Fourier transformation of r(t) and r(t) yield the HHG power spectra in the length and acceleration forms,
It has been shown that this new time-dependent procedure [18, 19] allows for a considerably smaller number of grid points (typically 200-400) and is computationally more efficient (by at least an order of magnitude) than the conventional equal spatial spacing methods such as the FFT-time propagation technique [22, 23] . More importantly, the new procedure [18, 19] can provide significantly more accurate time-dependent wavefunctions since the physically more important short-range regime is more properly treated. The accuracy of the method was demonstrated by the excellent agreement of the length-and acceleration-form HHG spectra of atomic H in LP laser pulsed fields [18] . Further, due to the efficiency of the method, accurate 3D wavefunctions for time-dependent Schrödinger [18] or Kohn-Sham-like equations [19] , involving Coulombic potential, can now be performed readily. Detailed description of the numerical procedure can be found in references [18, 19] .
Results and discussions
We now discuss the effect of static magnetic fields on the HHG spectra of atomic H. The laser parameters used are I (peak intensity) = 5 × 10 13 W cm −2 , λ = 1064 nm, and the pulse envelope f (t) = sin 2 (πt/T ) with the pulse length T = 60 optical cycles. The static magnetic field corresponding to ω c = ω 0 is B 0 = 20 130 T. The presence of the B field modifies the energy spectrum of atomic H and confines the electron motion mostly in the x-y plane. As will be shown below, by tuning the B field strength, one can significantly extend the HHG plateau well beyond the (B = 0) cut-off position. Further, the study provides new insights regarding the mechanism for the production of the extended higher harmonics. Figure 1 shows the survival probabilities of atomic H in the ground state with the static magnetic field B = 0.0, 0.5 and 1.0 B 0 , respectively. As the B field increases, the survival probability increases. This is expected since the electron is more confined in the x-y plane and finds it harder to escape with increasing B field. The question is how the electron confinement modifies the HHG process. (400 radial grid points and 40 partial waves were used in these calculations. As in previous studies [18, 19] , excellent agreement of the HHG spectra in the length and acceleration forms was obtained in the present case, indicating the full convergence of the time-dependent wave function and HHG results.) First we note that in the absence of the B field, the HHG cut-off occurs around n = 35. When the B field is turned on, there is no significant effect on the harmonics before the cut-off and the emitted light is linearly polarized along the xdirection, that is, the same as that of the incident laser beam. However, in the presence of a sufficiently strong B field, a second plateau appears beyond the first cut-off position. The yield of the HHG in the second plateau reaches a maximum around B 0.5 B 0 and decreases as the B field increases further. It is instructive to also examine the polarization of the emitted light in the second plateau as a function of the B field. We note that the emitted light in the second plateau is essentially linearly polarized along the y-direction, (since d First we discuss the mechanism for the production of the second HHG plateau. As is well known, the HHG (in the absence of magnetic fields) can be produced by either a tunnelling or multiphoton mechanism or a combination of both. In the multiphoton dominant process, the electron is moving adjacent to the nucleus when the absorption of photons and the subsequent emission of the HHG occurs. The tunnelling dominant process can be described by a quasiclassical three-step model [6, 7] , namely, tunnelling ionization, acceleration of the electron in the fundamental field and the spontaneous recombination of the accelerated electron. In this case, it has been shown that for a given qth harmonic below the cut-off, there exist two returning electron wavefunction trajectories of suitable energy qω 0 − I p with different phases, leading to coherent beating in the time-dependent dipole spectrum [24, 25] . Thus an analysis of the time-frequency spectrum of the HHG power spectra can provide new insights regarding the underlying mechanism(s). The time-frequency profiles of HHG spectra have received increasing attention in the last few years [24, [26] [27] [28] , using either the Gabor or wavelet transform [29] . In the Gabor transform, the width of the window function is fixed, which is not suitable for the detailed study of the temporal profile of higher-order harmonics. In the following, we shall study the HHG time profile by means of the wavelet transform [29] :
where the wavelet kernel w t,ω (t ) = √ ωW (ω(t −t)). For harmonic emission, a natural choice of the mother wavelet is the Morlet wavelet [29] :
Unlike the Gabor transform, the width of the window function in the wavelet transform varies as the frequency changes, but the number of oscillations (proportional to τ ) within the window is held constant. We have tested the dependence of d ω (t) on the parameter τ by varying τ from 5 to 30. Although the absolute value of d ω (t) depends on τ , the general temporal pattern does not change. We shall choose τ = 15 to perform the wavelet transform of the HHG spectra of atomic H in the presence of laser and static magnetic fields.
Figures 3(a)-(c)
show the time profiles of the 21st, 31st and 55th harmonics for the case of B = 0.5B 0 , which represent the harmonics in the first plateau, near the cut-off of the first plateau, and in the second plateau, respectively. In each figure, both the x-and y-components (solid and dashed curves respectively) of the time profile are shown. Several salient features are noted. First, all the time profiles show two bursts within each optical cycle. Second, the time profile is dominated by the x-component for both 21st and 31st harmonics, while the y-component dominates the 55th harmonic. Such results are consistent with our observation in figure 2 that the polarization of the harmonics in the first plateau is along the x-direction, while that in the second plateau is along the y-direction for the B = 0.5B 0 case. [6, 30] in the absence of the B field. Here we can see that the 31st harmonic (near the first cutoff) ( figure 4(a) ) is dominated by the x-component contribution and the harmonic emission times are strikingly close to the revisiting times of the electron to the nucleus estimated by the quasiclassical model [6, 30] . This indicates that the harmonics in the first plateau are mainly due to the rescattering of the electron with the ion core induced by the laser field. On the other hand, figure 4(b) shows that the time profile of the 55th harmonic (in the second plateau) is entirely different from that of the quasiclassical prediction, indicating that a different mechanism for HHG is at work here. moment of atomic H in the presence of laser and d.c. magnetic fields, corresponding to B = 0.25B 0 , 0.5B 0 , 0.75B 0 and B 0 , respectively. The 'inner' part of the electron trajectory (corresponding to the raising and falling parts of the laser pulse) exhibits nearly linear oscillations along the electric field (x-) direction. The 'outer' part of the electron trajectory (corresponding to the central part of the laser pulse) exhibits confined and wiggly motion in the x-y plane induced mainly by the magnetic fields. The harmonic emission in the second plateau can be attributed to the acceleration of the electron wavepacket near the outermost turning points along the 'outer' part of the trajectory. This is consistent with the time profile of the 55th harmonic ( figure 4(b) ) which shows that the light emission occurs when the laser field reaches the peak amplitude (twice) in each optical cycle, or equivalently when x(t) reaches the absolute maximum amplitude (i.e. outermost turning points). The HHG in the second plateau is thus due to the coherent superposition of these light emissions at different times.
The mechanism for the production of the HHG in the second plateau is somewhat analogous to the harmonic emission spectrum in the synchrotron radiation where the free electron is accelerated by the undulator or multipole wiggler [31] . Figures 6(a)-(d) show the y-component contributions of the HHG spectra. All the physical parameters are the same as those in figures 2(a)-(d). We see that such 'synchrotron radiation'-like harmonics (contributed mainly by the y-component of the induced dipole moment) actually start from the lowest harmonic and extend to highest harmonics well beyond the first cut-off. Since the total harmonic intensities in the first plateau (dominated by the x-component of the induced dipole moment) are much larger than those from the 'synchrotron radiation'-like harmonics, cf figures 2 and 6, we do not see the appreciable effect of the magnetic fields in the first plateau regime. However, these 'synchrotron radiation' harmonics dominate the 'second' plateau regime. Figures 5(a)-(d) also provide a clue regarding the optimal range of magnetic fields for the maximum extension of the HHG plateau. Figure 5(b) shows that the y-component of the induced dipole moment exhibits the largest amplitude in the region of the outermost turning points. This explains the observation in figure 2(b) that the HHG in the second plateau for the case of B = 0.5B 0 show the maximum enhancement among all the cases being studied here. (A classical analysis shows a similar conclusion when the cyclotron frequency is equal to one half of the laser frequency [32] .) As the magnetic field strength B is further increased, figures 5(c) and (d), the electron becomes more spatially confined, particularly in the y-direction, leading to suppression of the second plateau.
It is instructive to compare the present results with those of other recent calculations of the effect of static B fields on HHG [14, 15] . In both [14] and [15] , the parallel field configuration is used, namely, the static B field is along the laser polarization direction (B E z). In [14] , Zuo et al found that the efficiency of higher-order harmonics is enhanced significantly by introducion of the static B field. They attribute this effect to the confinement of the electron by the B field which leads to the increase of the rescattering cross section. Their calculation also showed the extension of the cut-off but these excess harmonics are physically less significant since they are several orders of magnitude lower in intensity than the plateau. In [15] , the authors used weaker laser and static magnetic fields and considered the HHG in a smaller harmonic range (n = 20-30). They found that particular values of B field can significantly enhance the harmonic intensities and they attribute this effect to be a consequence of the near coincidence of the wavepacket amplitudes for electron motion perpendicular to and along the magnetic field (z-) axis. No second plateau has been reported in these 2D calculations [14, 15] . In both 2D [14, 15] and the present 3D calculations, the common feature of the enhancement of HHG is due to the confinement of the electron by the presence of the static magnetic field, but our 3D study reveals an additional second plateau and more delicate multiphoton dynamics and HHG mechanisms.
In conclusion, we have shown in this paper that the presence of a properly tuned strong magnetic field perpendicular to the laser polarization direction can produce a second plateau, thus significantly extending the HHG cut-off. A detailed time-frequency wavelet analysis reveals that the two plateaux are produced by two different mechanisms: the first plateau is mainly due to the rescattering of the electron with the ion core induced by the laser field, while the second plateau is mainly due to the wiggly motion and the acceleration of the electron near the outermost turning points induced by the magnetic field. The second plateau reaches a maximum enhancement when the cyclotron frequency is about equal to one half of the laser frequency.
